Abstract. Suppose X and Y are finite complexes, with Y simply connected. Gromov conjectured that the number of mapping classes in [X, Y ] which can be realized by LLipschitz maps grows asymptotically as L α , where α is an integer determined by the rational homotopy type of Y and the rational cohomology of X. This conjecture was disproved in a recent paper of the author and Weinberger; we gave an example where the "predicted" growth is L 8 but the true growth is L 8 log L. Here we show, via a different mechanism, that the universe of possible such growth functions is quite large. In particular, for every rational number r ≥ 4, there is a pair X, Y for which the growth of [X, Y ] is essentially L r .
Introduction
Let X and Y be compact piecewise Riemannian spaces, for example Riemannian manifolds with boundary or finite simplicial complexes with a simplexwise linear metric. Asymptotically, this is a topological and even homotopy-theoretic notion; this is because any compact, homotopy equivalent X and X ′ of this form are in fact Lipschitz homotopy equivalent.
One well-studied class of examples is the growth of a finitely presented group Γ, which can be thought of as the growth of the set of (based) homotopy classes of maps S 1 → Y , for any complex Y with fundamental group Γ. In that setting, Gromov's famous polynomial growth theorem states that growth is either asymptotic to a polynomial (for virtually nilpotent groups) or superpolynomial (for all other groups). In this paper, we instead concern ourselves with simply connected Y and general X, where the picture turns out to be very different.
This notion of growth was first introduced by Gromov in [Gro78] , where he noted several facts about it. First, he showed that the growth of [S n , S n ] is Θ(L n ). The upper bound is essentially homological: the domain of an L-Lipschitz map can fit at most O(L n ) preimages of a regular point, counted with sign. (We later give the simplest rigorous formulation of this argument, which uses differential forms.) Similar upper bounds can be found for the pullback of any cohomology class.
Next, Gromov showed that the growth of [S 4n−1 , S 2n ] is Θ(L 4n ), rather than the Θ(L 4n−1 ) one might expect by generalizing from the previous estimate. The upper bound here generalizes to show that g [S n ,Y ] is bounded by a polynomial when Y is simply connected. (We are nowhere close to showing whether this bound is sharp.)
In [Gro98, Ch. 7, p. 358] 1 , Gromov gave some further conjectures about g [X,Y ] in the case where Y is simply-connected; notably, he conjectured that it is always asymptotic to d α , where α is an integer determined by calculations in rational homotopy theory.
The heuristic that leads to this conjecture is as follows. By obstruction theory, a map f : X → Y is determined, non-uniquely and up to some finite indeterminacy, by a finite number of (Q-valued) rational homotopy invariants. Gromov sketches an argument that these invariants are always bounded by a polynomial in the Lipschitz constant, and therefore (informally speaking) all homotopy classes of L-Lipschitz maps live in a region of polynomial volume in the set of rational homotopy classes. If one makes a pair of very strong assumptions, informally stated as follows:
(S1) integral homotopy classes are sprinkled evenly through this region (S2) and all integral classes in the region are realizable via L-Lipschitz maps, then the conjecture holds.
In [MW18] , the author and Weinberger showed that g [X,Y ] is bounded by a polynomial whenever Y is simply connected. However, we disproved the stronger conjecture by showing that
This construction relied on violating assumption (S1): for this example, the "density" of integral homotopy classes in the rational ones grows without bound as rational invariants increase.
In this paper we show that assumption (S2)-that all homotopy classes whose rational homotopy invariants satisfy the obvious bounds are realizable with Lipschitz constant O(L)-is also false in general. This lets us produce a much larger variety of growth functions of mapping class sets. In fact, we prove the following:
Theorem A. For every rational number r > 4, there is a pair of simply connected spaces X and
In other words, for every sufficiently large rational r we have a growth function which is more like L r than L r ′ for any other r ′ ∈ Q. A plausible conjecture about Lipschitz nullhomotopies implies that this growth function is in fact Θ(L r ), but for now we cannot exclude the possibility that it is slightly slower. In addition, we give another example whose growth function includes a logarithm.
Techniques. All of these examples are constructed in essentially the same way. The space X consists of a wedge of two spheres S a ∨ S b of different dimensions, together with a single third cell of some high dimension n; the space Y is obtained from X by gluing on additional (n+1)-cells, killing π n (X). A cellular map X → Y is determined (up to a bounded indeterminacy) by its degrees on the a-and b-cells; this in turn determines the degree on the higher-dimensional cell, putting an extra constraint on what the two invariants can be for an L-Lipschitz map.
Another way of seeing this is via Lipschitz nullhomotopies. Any map f : S a ∨ S b → Y (which is determined by two obstructions in Z) extends uniquely up to homotopy to X, via a nullhomotopy of f • ∂, where ∂ is the attaching map of the top cell. However, this extension may be forced to have a much larger Lipschitz constant. In other words, while there is no absolute obstruction to performing the extension, there is a quantitative obstruction in the form of a relatively long finite bar in the persistence homotopy of π n−1 (Y ).
This phenomenon is closely related to another in quantitative homotopy theory: the distortion of homotopy group elements. The distortion function of an element α ∈ π n (Y ) is
In the given examples, the attaching map S n−1 ∂ − → S 3 ∨ S 4 of the top cell has a slowgrowing distortion function; in other words, for large N ∈ Z, there is a relatively small map S n−1 → S 3 ∨ S 4 whose homotopy class is N [∂]. However, in order to nullhomotope this map in Y , one still needs a homotopy which has relative degree N over the n-cell; this means that the Lipschitz constant of the homotopy is forced to be at least ∼ N 1/n .
Outline of the paper. Section 2 presents various background information needed for the main constructions. We invite the reader to skip it and refer back to it as needed. The zoo advertised in the title is presented in Section 3. Section 4 discusses some situations in which the assumption (S2) holds and therefore Gromov's prediction is closer to correct.
Technical background
2.1. Cellular maps. To enumerate homotopy classes between CW complexes, it is enough to consider cellular maps. The same turns out to be the case if we want to enumerate those with an L-Lipschitz representative (up to a constant depending on the metrics on X and Y ). Proof. We can convert X and Y into homotopy equivalent simplicial complexes X ′ and Y ′ skeleton-by-skeleton: at each stage, the attaching maps of cells in the next dimension are homotopic to simplicial maps on some triangulation of the boundary of the cell. In particular, if we put the standard metric on each simplex of X ′ and Y ′ , we get Lipschitz homotopy equivalences in both directions which we can also ensure are cellular. Now, given an L-Lipschitz map f : X → Y , we can pre-and postcompose to get a C 1 L-Lipschitz map X ′ → Y ′ . By the Lipschitz simplicial approximation theorem given in [CDMW] , this map is homotopy equivalent to a simplicial map on a suitable subdivision of X ′ which is C 2 (C 1 L + 1)-Lipschitz. Finally we pre-and postcompose to get a cellular map X → Y .
So if we want an upper bound on the growth of [X, Y ], it is enough to obtain an upper bound on the number of homotopy classes of L-Lipschitz cellular maps in terms of L. One way of obtaining such upper bounds is via degree considerations:
Then for any n-cell σ of X and n-cell τ of Y , the induced map
Proof. Since f can be approximated by an (L + ε)-Lipschitz smooth map, we can assume that it is smooth. Let ω be an n-form supported on the interior of τ with τ ω = 1 and ω ∞ ≤ C.
(Here the ∞-norm of a form is the supremum over its values on all frames of unit vectors.) Then
But this integral is the relative degree we are looking for.
2.2. Nullhomotopy and extension. Suppose that we are constructing a cellular map X → Y skeleton-by-skeleton. We would like to extend a map f n−1 : X (n−1) → Y to the n-cells of X. What restrictions are there on the degrees of the map on the n-cells? Let α ∈ π n−1 (X (n−1) ) be the attaching map of an n-cell, and consider the pair of exact sequences
, the middle arrow controls the degrees we are interested in; since the diagram commutes, they are determined up to the Hurewicz image of π n (Y ). For example, if X and Y each have a single n-cell which kills a rationally nontrivial element of π n−1 , then the Hurewicz image is trivial and the degree on that cell is determined by the homotopy type of f n−1 . This will be used in the construction in Section 3. This observation was used in [CDMW] to show that certain homotopically trivial maps are hard to nullhomotope. For example, let Z 4 be the space obtained from S 2 ∨ S 2 by gluing on two 5-cells killing The quantitative homotopy theory of such spaces is particularly nice. In particular, we have the following theorem, contrasting with the observation about the space Z 4 in the previous subsection. 
This known bound is o(L 1+ε ) for every ε > 0. In fact, I believe that a linear bound can be attained. This conjecture is recorded here as its truth would significantly strengthen the results of this paper. Note that while we defined the Whitehead product of two maps, the Whitehead product is also well-defined on the level of homotopy groups. (We will use the same notation for the mapand homotopy-level products.) In fact, up to homotopy, it is bilinear, graded commutative, and satisfies the graded Jacobi identity
for f : S i → X, g : S j → X, and h : S k → X. In other words, the Whitehead product defines a graded Lie bracket on the graded module π * +1 (X) (i.e. elements of π 2 (X) have degree 1, etc.) For X = i S n i , the rationalization π * +1 (X) ⊗ Q is in fact a free graded Lie algebra over Q generated by an (n i − 1)-dimensional generator for each n i .
Given an ordering on the generators of a free Lie algebra over a field of characteristic zero, one obtains a Hall set of monomials which form a basis for the Lie algebra as a vector space. It is not hard to see that this Hall set, together with [a, a] for every element a of odd degree in the Hall set, still forms a basis for the free graded Lie algebra; cf. [Hil55] , where this is shown for the homotopy algebra of a wedge of spheres of the same dimension. We follow Hilton's formulation of the Hall set, which differs slightly from some more modern treatments.
The zoo
In this section we give a large number of simple examples of spaces X and Y for which the growth of [X, Y ] can be determined enough to rule out polynomial behavior. Each is given by a few cells with attaching maps given by iterated Whitehead products.
, and let Y be the space obtained from X by adding 10-cells to kill π 9 (X). Then the growth of [X, Y ] is O(L 13/2 ) and ω(L 13/2−ε ) for every ε > 0.
Note that purely obstruction-theoretic concerns would suggest that there should be Θ(L 7 ) homotopy classes of L-Lipschitz maps in this case as well as that of Example 3.5. Indeed, in both cases the growth turns out to be slower.
If we assume Conjecture 2.4, the O(L 13/2 ) bound is sharp by the same argument using the conjecture instead of Theorem 2.3.
Proof. By the discussion in §2.1, we can assume that maps X → Y are cellular. By obstruction theory, the homotopy class of such a map is determined by the degrees of the restrictions α : S 3 → S 3 and β : S 4 → S 4 , since there is no other dimension k in which H k (X; π k (Y )) is nonzero. In turn, these two degrees determine the degree on the 9-cell of X: the boundary of this cell is mapped to
, and the bilinearity of the Whitehead product means that any nullhomotopy of this map in Y must have degree (deg α) 2 deg β.
Assume to simplify notation that the metric on Y extends that on X. A cellular map with Lipschitz constant ≤ L must then satisfy
An integral shows that the area of the region in R 2 satisfying these conditions is O(L 13/2 ); the number of lattice points is similar. This demonstrates the upper bound.
For the lower bound, we need to actually exhibit Ω(L 13/2−ε ) different maps whose Lipschitz constant is O(L), for every ε > 0. So fix ε, and consider any a, b ∈ Z satisfying (3.2)
We will construct a cellular O(L)-Lipschitz map f a,b : X → Y whose degrees on the 3-and 4-cell are a and b, respectively. Write u k,d : S k → S k for a maximally efficient, hence O(d 1/k )-Lipschitz map of degree d. We start by setting f a,b to be u 3,a on the 3-cell and u 4,b on the 4-cell. All that is left is to extend to the 9-cell. As a shorthand, given a map f : 
here the last arrow sends * × S 6 to S 3 ∨ S 4 via the Whitehead product. Finally, we extend f a,b to the 9-cell of X by concatenating the homotopy from g 1 to g 2 and the nullhomotopy of g 2 .
We now give the more general version. The proof is abbreviated since it is very similar to the one above once X and Y are constructed. Proof. We fix natural numbers ℓ < m and 1 ≤ p < q such that
Note that every rational number in (ℓ + m − 2, ℓ + m − 1] can be written this way for some p and q. In addition we set ℓ and m so that ℓ ≥ 2 and m ≥ 4 and m − ℓ is 1 or 2. Fix
Let ζ ∈ π n−1 (S ℓ ∨ S m ) be given by the iterated Whitehead product
This is an element of infinite order since, for the ordering id S m < id S ℓ , it is a Hall element of the free Lie algebra. We let X = (S ℓ ∨ S m ) ∪ ζ D n and Y , like before, is obtained from X by adding (n + 1)-cells to kill π n (X). Then (since it is not the case that ℓ is even and m = 2ℓ − 1) a cellular map X → Y with Lipschitz constant L is determined (up to an element of the finite group π m (S ℓ )) by the degrees a and b of the restrictions to S ℓ → S ℓ and S m → S m . These degrees must satisfy
The volume of this region in R 2 is Θ(L r ). As before, for any ε > 0, we can actually realize Ω(L r−ε ) elements which satisfy corresponding slightly stronger bounds. To do this, we take a map S ℓ ∨ S m → Y with degrees d 1 , d 2 satisfying such bounds and extend it to the n-cell of X by first homotoping it to a Whitehead product
together with an O(L n−ℓ ) correction term, and then nullhomotoping that map by factoring through S ℓ × S n−ℓ .
, and let Y be the space obtained from X by adding 13-cells killing π 12 (X). Then the growth of
Proof. This example is in many ways similar to the previous ones. Once again, an L-Lipschitz map X → Y is determined by two degrees a and b which satisfy (3.6)
Integrating gives Θ(L 6 log L) such pairs. The main difference is that in this case we can actually construct O(L)-Lipschitz maps for all such pairs. The construction is again similar to that in Theorem 3.1. On the 3-and 4-cells, we fix O(L)-Lipschitz maps w a : S 3 → S 3 and w b : S 4 → S 4 of the correct degree. Then on the 12-cell, the map is a concatenation of two homotopies: first the fiberwise Whitehead product (h 1 ) t = [g t , g t ], where g :
and then a nullhomotopy of the latter map via the composition 
where the last arrow takes each of the 6-cells to S 3 ∨ S 4 via the Whitehead product.
The main difference is that we must specify the maps w a , w b , and g more carefully in order to ensure that everything is O(L)-Lipschitz. If we knew Conjecture 2.4, we would obtain the existence of such a homotopy automatically, but this case is simple enough that we can do it by hand. We first specify w a and w b . In each case we let identical homeomorphic preimages of S j settle at the bottom of a j-cube with side length L, giving ⌈a/L 2 ⌉ (respectively ⌈b/L 3 ⌉) layers of L 2 (respectively L 3 ) preimages each with one incomplete layer at the top. Note that
We then take a fixed O(L)-Lipschitz embedding of this cube in S j , avoiding the base point, and send all unaccounted-for points to the base point in the image (call this the south pole.)
We now describe the homotopy g. This part of the proof is best described replacing the dimensions 3 and 4 by some general i, j ≥ 2, and 6 by i + j − 1. We give a pictorial step-bystep construction of g which may be taken literally when i, j = 2 but is easily seen to work for other i, j.
Let s = ⌈a/L i−1 ⌉ and t = ⌈b/L j−1 ⌉ be the depths to which we filled the two cubes to build w a and w b . The domain S i+j−1 of [w a , w b ] can be split into two solid tori: the preimage D i × S j−1 of S i , on which the map is w a after projection onto the first coordinate, and the preimage S i−1 × D j of S j on which the map is w b after projection onto the second coordinate.
Within the first torus, we have a [0, 1] i ×S j−1 , the subspace on which w a is nontrivial. Let's say that the last coordinate represents "depth"; then we complete this [0, 1] 
where the map on each filling * × D j restricts to w b . This we can slice into L i−1 thinner "pancakes", each of which contains about s strands of the preimage of S i . This construction is essentially independent of L; the case i = j = 2 is shown in Figure 1 .
In our construction, we keep track of the preimages of the north poles of S i and S j . These trace out j-and i-dimensional (respectively) embedded submanifolds of S i+j−1 × [0, 1] which simultaneously extend to a (framed) normal neighborhood of radius 1/O(L). This lets us extend these bordisms to an O(L)-Lipschitz homotopy
This is done as shown in Figure 2 , mostly pancake-by-pancake. The stages of the homotopy g, as seen on the neighborhood of a j-dimensional cross-section. The preimage of the north poles of S i and S j are shown in blue and red, respectively, and the homotopy corresponds to a simultaneous bordism of these two manifolds. The vertical direction stands in for a (j − 1)-dimensional subspace.
Symmetric spaces
As shown in [MW18] , the growth of [X, Y ] still need not be polynomial even when Y is the smoothly formal space S 4 . However, in this case the assumption (S2) given in the introduction can be formalized, and holds, or nearly so. We will show this here for symmetric spaces. The argument easily extends to wedges of symmetric spaces, but to give the correct statement there would require some extra definitions which would take us too far afield.
Let X be a simplicial complex and Y a finite CW complex whose 1-skeleton is a point. Then a homotopy class of maps X → Y is specified (in an obviously non-unique way) by a sequence of obstructions in C k (X; π k (Y )), k = 2, . . . , dim X. More precisely, the kth such obstruction sends each k-simplex p to an element of the torsor for π k (Y ) consisting of nullhomotopies of the map on ∂p. Thus it is only well-defined once the map is fixed on lower skeleta. Nevertheless, we can still compare the sizes of obstructions realizable with Lipschitz constant L. 
• For every k, fix a splitting
with projections p 1 , p 2 sending elements to ker h k and N k respectively, and a norm |·| on π k (Y ) ⊗ Q). Then there are a constant c > 0 and a function g : R + → R + depending on these norms, and a choice of zero for every torsor described above, such that:
(i) Every cL-Lipschitz map lies in a homotopy class which can be described by obstructions β k ∈ C k (X; π k (Y )) such that To show part (i), we take two L-Lipschitz maps (which we can assume to be cellular) and let k be the first dimension in which they differ. Then the obstruction to homotoping one to the other is an element of C k (X; π k (Y )) where every cell σ is sent to a C σ L-Lipschitz map S k → Y . Then Theorem 4.2 gives the right kind of bound on the size of this obstruction. Now we show part (ii). Given an obstruction-theoretic description of a homotopy class α ∈ [X, Y ], we build a map f : X → Y by skeleta. First send X (1) to the basepoint. Now suppose we have constructed f k−1 : X (k−1) → Y with Lipschitz constant M . We extend to X (k) by first using the bound of Theorem 2.3 (or that of Conjecture 2.4) to fill in the ksimplices as efficiently as possible, then in each k-simplex p glue in an efficient representative of the element α p ∈ π k (X) corresponding to the resulting obstruction. The Lipschitz constant of the resulting map is C k max{γ k (M ), sup{Lip α p : k-simplices p of X}}, where γ k is our bound on sizes of homotopies.
If all the γ k are linear, we get a linear bound. Otherwise, we accumulate a Lipschitz constant γ dim X (· · · (γ 3 (γ 2 (L))) · · · ), but this is still O(L 1+ε ) for any ε > 0.
